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A method is given for solving the Prandtl equations for adiabatic gas 
flow in a plane-parallel channel at Pr = 1. The method is based on 
reduction of the Prandtl equations to an approximate system of ordinary 
quasilinear, first-order differential equations and can be used to solve 
more complicated problems. 

We sha l l  c o n s i d e r  a d i a b a t i c  d e v e l o p e d  gas  f low wi th  
P r  = 1 in a p l ane  channe l  wi th  p a r a l l e l  w a l l s .  We take  

as  the v e l o c i t y  s c a l e  the l i m i t i n g  v e l o c i t y ;  as  the  t e m p e r -  
a t u r e  s c a l e ,  t he  s t agna t i on  t e m p e r a t u r e ;  a s  the  p r e s -  
s u r e  and d e n s i t y  s c a l e s ,  t he  s t agna t i on  p r e s s u r e  and 
d e n s i t y  a t  t he  c e n t e r  of the  in i t i a l  c r o s s  s e c t i o n ;  as  
the  v i s c o s i t y - c o e f f i c i e n t  s c a l e ,  i t s  va lue  at  t he  c e n t e r  
of the  in i t i a l  c r o s s  s e c t i o n  at  the  s t agna t i on  t e m p e r a -  
t u r e ;  a s  the  t r a n s v e r s e - c o o r d i n a t e  s c a l e ,  one ha l f  the  
channe l  wid th  (h); and as  the  l o n g i t u d i n a l - c o o r d i n a t e  
s c a l e  the  va lue  hRe ,  w h e r e  Re  is  de f ined  o v e r  h and 
the a b o v e - m e n t i o n e d  v i s c o s i t y .  

Be low,  a l l  v a l u e s  a r e  d i m e n s i o n l e s s .  The  p r i m e  
i n d i c a t e s  d i f f e r e n t i a t i o n  wi th  r e s p e c t  to x.  The  s y s t e m  
of equa t ions  in the  P r a n d t l  a p p r o x i m a t i o n  is w r i t t e n  as  

Ou R-~p v Ou + kp, - 0 Ou ) ~,u~x + = o, (1) 
oy -oT ' 

a(ou) ~ ff~a(pv)= o, (2) 
Ox Oy 

p~ = p (1--  u~), (3) 

1 

.! p udg = O. (4) 
0 

H e r e ,  k = (k - 1 ) /2k .  
F o r  the  d e p e n d e n c e  of t he  v i s c o s i t y  on the  t e m p e r a -  

t u r e  T = i - u 2, we take  the p o w e r  r e l a t i o n  

= (1  - -  u~) ~ �9 ( 5 )  

We a p p r o x i m a t e  the  l o n g i t u d i n a l - v e l o c i t y  p r o f i l e  by 
the  p o l y n o m i a l  

u = ~ fi(x) yi, (6) 
i = l  

w h e r e  the  c o e f f i c i e n t s  f i ( x )  a r e  unknown func t ions  of x .  
We sha l l  r e q u i r e  tha t  p r o f i l e  (6) s a t i s f y  (1) n e a r  the 

w a l l .  
We subs t i t u t e  R e p v  f r o m  (2), 

g 

- _  ~ o ( o . )  dy, 
Re p v ,]  Ox 

0 

and a l s o  p and # f r o m  (3) and (5) into (1). Expand ing  
the  l e f t  s ide  of the  ob ta ined  equa t ion  into a s e r i e s  in y ,  
we find 

9o + ~ l g  -b ~2 gO. + . . . .  O, (7) 

w h e r e  ~o i is  a func t ion  only  of x.  
If we  le t  

(~0 = ~D1 = (J~ . . . . .  ~)l--.  1 = 0 ,  ( 8 )  

Eq .  (1) w i l l  be  s a t i s f i e d  n e a r  the  wa l l .  
Now we  r e q u i r e  that  p r o f i l e  (6) s a t i s fy  Eq .  (1) n e a r  

the  channe l  a x i s .  F o r  th i s  we r e p r e s e n t  (6) as  

u = 2 Fi ( 1 - -  g)i. (9) 
i = l  

Note  tha t  F i can  be  e x p r e s s e d  in t e r m s  of f i .  T h e s e  
e x p r e s s i o n s  a r e  e a s y  to f ind f r o m  the  condi t ion  of 
c o i n c i d e n c e  of p o l y n o m i a l s  (6) and (9): 

Fo = ~ :~ . . . . .  

n 

F k = ( - - 1 ) ~ C ~ : ,  . . . . .  F . - -  ( - -1)%. (10) 

C o n s i d e r i n g  that  Vly= 1 = 0, f r o m  (2) we  find 

l - - g  

R~ep v :  (' O(pu) d(1 - -  q) - 
, )  
0 

and,  as  in the  p r e v i o u s  c a s e ,  we obta in  

(I)0 § q)l ( l - -g )  + 02 ( l--g)2 + . . . .  0, 

w h e r e  ~i  a r e  func t ions  only of x. 
Le t t ing  

~o ----- r = ~ . . . . .  0 ~ _  1 = O, (11) 

we s a t i s f y  (1) n e a r  the  channel  a x i s .  
To l + m equa t ions  (8) and (11) we jo in  t h r e e  o t h e r s :  
a) the condi t ion  of c o n s e r v a t i o n  of f low r a t e  (4); 
b) the  m o m e n t u m  equa t ion  

1 

dy / 'J- ~p' ~- fl = O, (12) 
/ 

0 

c) the  r e l a t i o n  (0u/0y)y=t  = 0, which  fo l lows  f r o m  
the  condi t ion  of m a x i m u m  v e l o c i t y  at  the  channel  a x i s .  

The  ob ta ined  s y s t e m  of l + m + 3 equa t ions  m a k e s  
i t  p o s s i b l e  to f ind n + 1 unknowns ( P , f l , f 2 ,  �9 � 9  fn )  
if l + m = n - 2. To f ind t h e s e  unknowns,  we m u s t  
s p e c i f y  the  in i t i a l  cond i t ions  p Ix=0, f i [x=0.  

The  m e t h o d  can  be  ex t ended  to m o r e  c o m p l i c a t e d  
c a s e s ,  f o r  e x a m p l e ,  f lows  with  h e a t  t r a n s f e r ,  f lows  in 
c o n v e r g e n t  c h a n n e l s ,  e t c .  
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As an example,  let us cons ider  the solut ion of the 
following problem.  Let there  be a parabol ic  velocity 
d i s t r ibu t ion  when x = 0: 

u = U (2y  _ y 2 ) .  ( 1 3 )  

If the fluid was incompress ib le ,  then profi le  (13) 
would be re ta ined over the ent i re  extent of the flow, 

/.o as# 

O82 

06 / x ~ 
0202~""~O<t 06 Oo 

Fig.  1. F r i c t i on  coefficient ve r sus  mean  
m a s s  flow rate:  1) f i r s t  approximat ion;  
2) second approximation;  3) var ia t ion  of 
the degree  of f i l l ing of the velocity p ro -  

file in the second approximat ion.  

and U would r ema in  constant ,  and for this  r eason  the 
f r ic t ion  coefficient ~ = 870/ReGw , where w is the mean  
mass  flow rate ,  would also be constant .  In the caseof  
a gas,  the profi le  mus t  be deformed,  and, because of 
this ,  the coefficient ~ mus t  vary .  

Let us consider  two cases :  a) we sat isfy only in te -  
gral  re la t ions  (4) and (12) and the condition (0u/Oy)y= 1 = 
= 0 (first  approximation);  and b) bes ides  the three  
equations of a), we sat isfy one re la t ion  nea r  the wall 
and one near  the axis ~0 = 0 and ~0 = 0 (second ap-  
proximation) .  

In approximating polynomial  (6) we should let n = 2 
in case a) and n = 4 in case b). 

The values ~0 and ~0 a re  eas i ly  found f rom (1): 

% = - -  k-p' - - 2 : 2 ,  

pF. dFo ~_ b '  - -  2F2 (1--Fg)~ . 
q)o i--F~ dx 

In the ta t ter  equation, F 0 and F 2 a re  expressed  in 
t e r m s  of f i  according to (10). 

Assuming  that V in (13) is known, it is easy to find 
G according to (4) and (3): 

l 

G = j" p udy = (pll)x=o, 
0 

where 

k l 

plx=o = (1- -  U2) k---i, I f =  f l-~u2 dY . 
0 

In accordance with (13), the ini t ia l  conditions for f l  
and f2 in cases  a) and b) are  

f l=  2U, [~- - -U.  

In case b), when x = 0 we mus t  have f~ = f4 = 0. 
F igu re s  1 and 2 show some resu l t s  of calculat ions  

in which k = 1.4, fl = 1, and U = 0.1. The reduced 

mean  m a s s  flow ra te  

l 

. k/- l .t' o . 'dv 
L____|r / ~ o 

9 udy 

where 

V k + l  12 
k--1 I, 

l 
U 2 

0 

is plotted on the axis of the absc i s s a s .  
The f r ic t ion  coefficient ~ was calculated by the 

formula  

8 f l  11 

and adjusted to ~[x=0. 
The degree of f i l l ing of the velocity profi le  co is 

given by 

r = I2/F o 11. 

In the f i r s t  approximation,  the degree  of f i l l ing of the 
profi le  is held constant ,  unlike the second approx ima-  
t ion, in which w inc reases  appreciably .  The na ture  of 
var ia t ion  of the f r ic t ion  coefficient also dif fers .  The 
inc rease  in ~ in the second approximation agrees  with 
the known resu l t s  of bounda ry - l aye r  theory for ex t e r -  
nal  p roblems [1] (an inc rease  in ~ correspond s to an 
inc rease  in the negative p r e s s u r e  gradient) .  

In the f i r s t  approximation,  the veloci ty profi le  u /u  s 
is not deformed.  The deformat ion of the veloci ty p ro -  
file in the second approximat ion is shown in Fig.  2. 
As X inc reases ,  the profi le ,  having become more  
fi l led,  moves c loser  to the wall ,  which i nc rea se s  the 
f r ic t ion  coefficient.  

The resu l t s  indicate that pure ly  in tegra l  methods 
without contour re la t ions  should be used with caution, 
s ince these methods can somet imes  lead to r e su l t s  
that a re  far  f rom t rue ,  both quanti tat ively and qual i -  
ta t ively.  

U 

~a 

a6 

o.2 

'/2/./ 
/,T 

/I! 
f 

o O2 O0 08 oa y 

Fig.  2. Deformation of the velocity 
profi le  in the second approximation:  

1) X = 0.2; 2) ?~ = 0.69; 3)X = 1.0. 

The conclusions of this  paper  a re  in quali tat ive 
ag reemen t  with those of [2] for tu rbulen t  flows: as a 
c r i t i ca l  region is approached,  the veloci ty prof i le  is 
fi l led all the more  in tensively .  
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NOTATION 

x is the longi tudinal  coord ina te ;  y is the t r a n s v e r s e  
coord ina te ;  v is the t r a n s v e r s e  ve loc i ty ;  u is  the 
longi tudinal  ve loc i ty ;  p is  the p r e s s u r e ;  p is the den -  
s i ty ;  # is  the dynamic  v i scos i ty ;  k is  the i s en t rop i c  
exponent;  G is the m a s s  r a t e  of gas  d i s c h a r g e  through 
ha l f -channe l  width;  /3 is  the  exponent in the power  r e l a -  
t ion of the v i s c o s i t y  and t e m p e r a t u r e ;  X is the reduced  
a ve rage  m a s s  r a t e ;  ~ is  the d e g r e e  to which the v e l o c -  
i ty p ro f i l e  is  f i l led ;  ~ is  the f r i c t i on  coeff ic ient .  

REFERENCES 

1. L. G. Lo i t syansk i i ,  The L a mina r  Boundary 
L a y e r  [in Russ ian] ,  F i z m a t g i z ,  Moscow, 1962. 

2. R. Depas se l ,  Publ ica t ions  sc ient i f iques  et t e c h -  
niques du Min is te r~  de l ' a i r ,  P a r i s ,  1960. 

23 F e b r u a r y  1967 Ins t i tu te  of Engineer ing  
T h e r m o p h y s i e s  AS UkrSSR, 
Kiev 


